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Abstract. In this article we provide a classification of the projective trans- 
formations in PSL(n + 1,C) considered as automorphisms of the complex 
projective space PJ1. Our classification is an interplay between algebra and 
dynamics. Just as in the case of isometries of Cj4T(0)-spaces, this is given by 
means of three types of transformations, namely: elliptic, parabolic and loxo- 
dromic. We describe the dynamics in each case, more precisely we determine 
the corresponding Kulkarni's limit set, the equicontinuity region, the disconti- 
nuity region and in some cases we provide families of maximal regions where 
the corresponding cyclic group acts properly discontinuously. We also provide, 
in each case, some equivalent ways to classify the projective transformations. 



Introduction 

Discrete groups of projective transformations arise as monodromy groups of or- 
dinary differential equations, see [15] , or associated to Ricatti 's foliation, see [T§] . 
or as the monodromy groups of the so called orbifold uniformizing differential equa- 
tions, see |23j . However outside the groups coming from complex hyperbolic geom- 
etry, a little is know about their dynamic, see [7]. Yet, as in the one dimensional 
case, one might expect interesting results. In this paper we deal with the basic 
problem of classifying the projective transformations. 

When we look at elements in PU(l,n), one has that they preserve a ball, then, 
as in the one dimensional case, this fact enables us classify the transformations in 
PU(l,n) by means of their fixed points and their position in the closed complex 
ball. More precisely, an element is said to be: elliptic if it has a fixed point in the 
complex ball, parabolic if it has a unique fixed point in the boundary of the complex 
ball and finally the element is said to be loxodromic if it has exactly two fixed points 
in the boundary of the complex ball. Yet, when we think of automorphisms of Pg, 
this type of classification makes no sense, since in general there is not an invariant 
ball. So, to extend the previous classification to PSL(n + 1,C), we must think 
dynamically, more precisely we must look into the local behavior around the fixed 
points. The following definition captures this information. 

Definition 0.1. Let 7 6 PSL(n + 1, C) be a projective transformation, then 

(1) The element 7 is called elliptic if for each lift 7 G SL(n + 1,C) of 7, one 
has that 7 is diagonalizable and each of its eigenvalues is unitary. 

(2) The element 7 is called loxodromic if for each lift 7 6 SL(n + 1, C) of 7, 
one has that 7 has a non-unitary eigenvalue. 

(3) The element 7 is parabolic, if for each lift 7 6 SL(n + 1,C) of 7, one has 
that 7 has only unitary eigenvalues and is non diagonalizable. 
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Clearly this definition exhausts all the possibilities and coincides with the stan- 
dard classification in the one and the two dimensional settings, as well as in the 
case of transformations in PU(l,n), n > 1, see QUI E3 HZ]. On the other hand, 
from our knowledge about complex Kleinian groups acting on Pg, see [2], we know 
that the understanding of the dynamics of projective groups requires descriptions 
of the discontinuity set, the equicontinuity set, the Kulkarni's limit set as well the 
maximal regions of discontinuity. One of the purposes of this article is to provide 
a description of the sets mentioned above for cyclic groups and their relation with 
the classification given in Definition 10.11 More precisely, in this article we show: 

Theorem 0.2 (The discontinuity set). Let 7 S PSL(n + 1,C) be a projective 
transformation, then: 

(1) The element 7 is elliptic if and only if the set of accumulation points of 
orbits of points in PJi under the action of (7) either is empty or the whole 
space Pg, depending on whether 7 has finite order or not. 

(2) The element 7 is loxodromic if and only if the set of accumulation points 
of orbits of points in IPg under the action of (7) is a finite disjoint union 
of projective subspaces (see Theorem 12.71 for a detailed description) . 

(3) The element 7 is parabolic if and only if the set of accumulation points of 
orbits of points in P^ under the action of (7) is a single proper projective 
subspace (see Theorem 12 . 71 for a detailed description). 

Theorem 0.3 (The equicontinuity set). Let 7 e PSL(n + 1,C) be a projective 
transformation, then one has: 

(1) The element 7 is elliptic if an only if the equicontinuity set of (7) is the 
whole space Pg. 

(2) The element 7 is loxodromic if and only if the equicontinuity set of (7) can 
be described as the complement of union of two proper distinct projective 
subspaces £\, £2 o/P£ ( see Theorem 12.91 for a precise description). 

(3) The element 7 is parabolic if and only if the equicontinuity set of (7) is 
the complement of a projective subspace £\ (see Theorem 12.91 for a precise 
description) . 

The Kurkarni's discontinuity set was introduced in [T3] as a way to construct 
regions where a group acts properly discontinuously and its complement, the so- 
called Kulkarni's limit set, is where the dynamics concentrates (see the formal 
definitions bellow and see [UJ [7] for a detailed discussion) . 

Theorem 0.4 (The Kulkarni's limit set). Let 7 s PSL(n + 1,C) be a projective 
transformation, then: 

(1) If the element^ is either parabolic or loxodromic, then the discontinuity set 
of (7) concides with the Kulkarni discontinuity region. 

(2) // the element 7 is elliptic, then the Kulkarni limit set of (7) is either empty 
or the whole space Pg, depending on whether 7 has finite order or not. 

From the one and two dimensional settings we know that Definition 10.11 can 
be given in terms of certain foliations (see [1] 117]). This provides a simple way 
to describe the global dynamics of cyclic groups. In this article we propose a 
generalization of such foliations, but before we state the analogous results, let us 
introduce some notation. Let C fe '', k < I, be a copy of C k+l equipped with the 
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hcrmitian form: 

k k+l 



-< U,V y kl i= -^UjVj + 



UiV 



3 3 ■ 



j=l j=k+l 

Then SU(k,l) is the subgroup of SL(k + l,C) preserving -<, y k ,l and PU(k,l) the 
respective projectivization. We define the (k, /)-ball as the projectivization of the 
set 

k k+l 

(z 1 ,...,z k+l )GC k + l :J2\z j \ 2 > E M 

3=1 j=k+l 

Finally let us say that C is a (k, Z)-sphere if C is the projectivization of the image 
under some clement in SL(k + I, C) of the set 

(z 1 ,...,z k+l )eC k + l :J2\z j \ 2 = J2 N ! 

3 = 1 j=k+l 

Observe that when k = 1 we are in the context of the complex hyperbolic geometry 
and in this case the corresponding (1, ^-spheres are homeomorphic to the sphere 
S 2 ' -1 and the (1, Z)-ball is the model for the geometry. With this in mind we finally 
state our results. 

Theorem 0.5. Let 7 G PSL(n+ 1,C) be a projective transformation. Then 7 
is elliptic if and only if up to conjugation, it preserves a foliation of C n \ {0} by 
concentric (l,n)- spheres. 

Theorem 0.6. Let 7 G PSL(n+ 1,C) be a projective transformation. Then the 
element 7 is loxodromic if and only if there is a proper open set WcPJ! such that 
j(W) c W. 

Theorem 0.7. Let 7 G PSL(n + 1,C) be a projective transformation. Then the 
element 7 is parabolic if and only if there are G N satisfying k + I = n + 1, a 
family J 7 of '7 -invariant (k,l)-spheres and ^-invariant, non-empty proper projective 
subspaces Z, W C P£ such that: 

(1) For every pair of different elements T\,Ti^T one has 

Z C Ti n T 2 C W. 

(2) One can check U Te ^ T \ W = Pg \ W . 

(3) I/lcFJS is a ^-invariant line where the restriction of -<, y k ,l to [ U 
{0} has signature (1, 1), then there is a point z G I such that 72 7^ z. 

(4) T/ie action of 7 restricted to Z is a given by an elliptic element. 

As corollary we get the following useful characterization given in terms of the 
fixed points: 

Theorem 0.8. Let 7 G PSL(n + 1, C) fee a projective transformation, then 

(1) T7ie element 7 is loxodromic if and only if there are two distinct points 
x, y G Fix("f) such that the action 0/7 restricted to the complex line ((x, y)} 
is loxodromic. 

(2) The element 7 is parabolic if and only if every lift 7 G SL(n + 1,C) is 
non-diagonalizable and for every couple of distinct points x, y G Fix{^) the 
action 0/7 restricted to the complex line ((x,y)) is elliptic. 
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(3) The element 7 is elliptic if and only if every lift 7 6 SL(n + 1, C) is diago- 
nalizable and for every couple of distinct points x,y £ Fix(pf) the action of 
7 restricted to the complex line ({x,y}) is elliptic. 

The paper is organized as follows: in Section [TJ we review some general facts an 
introduce the notation used along the text, in section [5] we describe the disconti- 
nuity set, the Kulkarni's limit set and the equicontinuity region of projective cyclic 
groups, section [4] deals with the problem of classification but for groups of PU(k, I), 
which as we will see later is useful in the general setting, in sections [SJ El El we de- 
scribe completely the dynamic of elliptic, parabolic and loxodromic transformations 
respectively. 

1. Preliminaries 

1.1. Projective Geometry. The complex projective space P^ is defined as: 

P£ = (C n+1 - {0})/C*, 

where C* acts by the usual scalar multiplication. This is a compact connected 
complex n-dimensional manifold, equipped with the Fubini-Study metric d n . 

If [ ] : C" +1 \ {0} -t P£ is the quotient map, then a non-empty set H C Pg is 
said to be a projective subspace of dimension k if there is a C-linear subspace H of 
dimension k + 1 such that [H \ {0}] = H. The projective subspaces of dimension 
(n — 1) are called hyperplanes and the complex projective subspaces of dimension 
1 are called lines. 

Given a set of points P in P^, we define: 

{(P)) = C\{1 C I i is a projective subspace and P C /}. 

Clearly ((P)) is a projective subspace of P^. On the other hand the points in P are 
said to be in general position if for each subset R C P with 1 < Card(R) < n + 1 
we have that ((R)) has dimension Card(R) — 1. 

1.2. The projective group PSL(n + 1,C). Consider the general linear group 
GL(n + 1,C). It is clear that every linear automorphism of C Tl+1 defines a holo- 
morphic automorphism of PJ5 , and it is well-known that every automorphism of PJ5 
arises in this way. Thus one has that the group of projective automorphisms is: 

PSL(n + 1,C) ■= GL{n + l,C)/(C*) n+1 

where (C*)™ +1 acts by the usual scalar multiplication. Then PSL(n + 1,C) is 
a Lie group whose elements are called projective transformations. We denote by 
[[ ]] : GL{n + 1, C) PSL(n + 1, C) the quotient map. Given 7 e PSL(n + 1, C) 
we say that 7 e GL(n + 1, C) is a lift of 7 if [[7]] = 7. Notice that PSL{n + 1, C) 
takes projective subspaces into projective subspaces. 

Let us construct a completion of the Lie group PSL(n + 1 , C) , know as the space 
of pseudo-projective maps, see [B]. Let M : C n+1 — > C n+1 be a non-zero linear 
transformation which is not necessarily invertible. Let Ker(M) be its kernel and 
let Ker([[M}\) denote its projectivization. That is, Ker([[M}}) := [Ker(M) \ {0}]. 
Then M induces a map [\M]] : P£ \ Ker(M) -)• Pg given by: 

[[M]]([v]) = [M(v)}. 
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This is well defined because v ^ Ker(M). We call the map M — [[A/]] a pseudo- 
projective transformation, and we denote by QP(n + 1,C) the space of all pseudo- 
projective transformations of P^. Clearly QP(n + 1,C) is a compactification of 
PSL(n + 1,C). A linear map M : C n+1 -> C" +1 is said to be a lift of the pseudo- 
projective transformation M if [[Af]] = M. 

Proposition 1.1. Let ("/ m )m£N C GL(n+l,C) be a sequence of distinct elements. 
If there is a 7 £ GL(n + 1, C) swc/i i/iai 7 m 7 point wise, then [[7™]] — ► 

[[7]] uniformly on compact sets o/P^ \ i^er([[7]]). 

In what follows we will say that the sequence (7 m )meN C PSL(n+l, C) converges 
to 7 e QP(n+l, C) in the sense of pseudo-projective transformations if 7™ m _ >c > 7 

uniformly on compact sets of P^ \ Ker(j). 

Definition 1.2. The equicontinuity region for a family G of endomorphisms of PJJ, 
denoted Eq(G), is defined to be the set of points zgPJ for which there is an open 
neighborhood U of z such that G|j/ is a normal family. 

Proposition 1.3 (See [B]). Let T C PSL(n + 1, C) &e a group and define 

Lim(T) = {76 QP(n + 1,C) : there is (7 m ) meN C T, with j m m ^ c > 7}, 

iften 

£?g(T) - |J Ker(j). 

1.3. Projective Unitary Groups. Let fc < /, in what follows C k ' 1 is a copy of 
C fc+ ' equipped with a Hermitian form of signature (k, I) that we assume is given 
by: 

k k+l 
3 = 1 j=k+l 

where u = (ui, . . . , Uk+i) and u = (v±, . . . , A vector v is called negative, null 

or positive depending (in the obvious way) on the value of -< v, v >- n ; we denote 
the set of negative, null or positive vectors by Nj , N ' and N + ' respectively. We 
define Hp 1 as the image of N*' 1 in P£ under the map [ J. 

If we let U(k, I) C GL(n + 1, C) be the subgroup consisting of the elements that 
preserve the above Hermitian form, then its projectivization [\U(k, Z)]] n +i is a sub- 
group of PSL(n + 1, C) that we denote by PU(k, I). 

Given [v], [w] £ M^ 1 we define: 

, , M M , , ( H v,w >- k ,u -<v,w >- k ,i \ 
dk,i[ [v\, [w\) = arccosh , 

VV ~< V > V >~k,l~< W,W >~k,l J 

is straightforward to check that this is a metric in H c ' ' compatible with its topology 
of H c ' , see [T2]. Now, the Arzela-Ascoli theorem yields, see |18j : 

Theorem 1.4. LetT be a subgroup of PU(k,V). The following three conditions are 
equivalent: 

(1) The subgroup V C PU(k,l) is discrete. 

(2) The region of discontinuity of T in H c ' is all of H c ' ' . 
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1.4. The Grassmanians. A Grassmannian is a fancy way to provide a parametriza- 
tion for the space of all linear subspaces of a vector space V of a given dimension. 
More precisely, let < k < n, then we denote by Gr(k,n) the Grassmanian of 
all fc-dimensional projective subspaces of PJ endowed with the Hausdorff metric 
induced by d n , see }16j . One has that Gr(k,n) is a compact, connected complex 
manifold of dimension k(n — k). A method to realize the Grassmannian Gr(k,n) 
as a subvariety of the projective space of the feth exterior power of f\ k+1 C™ +1 , in 
symbols P(/\ k+1 C™ +1 ), is done by the so called Plucker embedding, which is given 
by: 

L-.Gr{k,n) -»• P{/\ k+l C n+1 ) 
i(V) 4[tiA" -AVk+i] 

where • • • , ujt+i) = V, clearly this is a well defined PSL(n + 1, C)-equivariant 
embedding. Moreover, it is possible to check that the topology on Gr[k, n) induced 
by the Fubiny-study metric f\ ~ +1 d on P(/\ ~ +1 C n+1 ) agrees with the topology on 
Gr(k,n) induced by the Hausdorff metric on the space of closed sets in Pg, which 
we will denote by G(Pg). 



1.5. Complex Kleinian Groups. When we look at the action of a group acting 
on a general topological space, in general there is not a well-defined notion of limit 
set. There are several possible definitions of this concept, each with its own prop- 
erties and characteristics, in this subsection we deal with the so called Kulkarni's 
limit set. 

Definition 1.5 (see [14] ). Let T C PSL(n + 1,C) be a subgroup. We define 

(1) The set A(T) as the closure of the set of cluster points of Yz where z runs 
over Pjg 

(2) The set Lz^Y) as the closure of cluster points of TK where K runs over all 
the compact sets in Pg \ A(r). 

(3) The Kulkarni's limit set of Y as: 

a Ku1 (y) = A(r)uL 2 (r). 

(4) The Kulkarni's discontinuity region of Y as: 

n Kul (Y)=Fl\A Kul (Y). 

We will say that T is a Complex Kleinian Group if f^^r) ^ 0, see [20]. The 
limit set in the Kulkarni's sense enjoys the following properties, for a more detailed 
discussion on this topic in the 2 dimensional setting, see [2]. 

Proposition 1.6 (See [17). LetY be a complex kleinian group. Then: 

(1) The sets Ak u i(Y)-, A(T), ^(r) are Y-invariant closed sets. 

(2) The group Y acts properly dis continuously on Qk u i(Y). 

(3) Let C C Pp be a closed Y-invariant set such that for every compact set 
K C Pjp — C, the set of cluster points ofYK is contained in A(T) n C, then 

A H (r)cC. 
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2. The Chaotic Sets 

In the present section we describe the discontinuity set, the equicontinuity set, 
the Kulkarni's limit set and maximal discontinuity set for the cyclic groups of 
PSL(n + 1, C) acting on Pg, for a detailed discussion in this topic in the 2 dimen- 
sional case see [2 [7]. The following definition is useful. 

Definition 2.1. Let V be a C- vector space and T : V —> V be a C-linear map 
such that each one of its eigenvalues is a unitary complex number. Let k G N; 
Vi, . . . , Vfe C V be linear subspaces, {Ai, . . . , A&} be unitary complex numbers, for 
each j G {1, . . . , k} let /3j — {uji, . . . , Vjdi m (v )} be a base of Vj and Tj : Vj — > Vj, 
1 < i < k be C-linear maps satisfying: 

(1) e U v i = v - 

(2) e: , xjTj = t. 

(3) For each 1 < j < k, (x — \y hmV i is the characteristic polynomial of jj 

(4) For each 1 < j < k, either 7j is the identity or [Tj]p. is a Jordan block. 

Then (fc, {Vj}| =1 , {Pj}j=i, {Aj}* =1 , {lj}j=i), is called a Block decomposition for 
T. 

With this in mind let us show: 

Lemma 2.2. Let V be a finite dimensional C-linear and let T : V — > V be a linear 
transformation such that each of its eigenvalues is a unitary number. Then for every 
V G V \ {0} there is a unique k(v, T) G N U {0} such that the set of cluster points 

of < I , , rp\ ) T m (v) > lies in ({{x G V : x is an eigenvector})) \ {0}. 



k(v,T) 



Proof. Let (k, {Vj}j =1) {/3j}^ =1 , {Aj}* =1 , {7j}| =1 ) be a Block decomposition for T 
and v G V \ {0}, then u = where G Vj. Set i>j = a jk v jk and define 



k(vj,Tj) 



If = or Tj is the identity 

max{l < k < kj : ajk ^ 0} — 1 In other way 

k(v,T) = max{k(vj,Tj) : 1 < j < fc}, 
W 1 = {j G {1, . . . , k} : k(vj,Tj) < k(v, T)}, 
W 2 = {l,...,k}\W 1 . 



A straightforward calculation shows: 



in 



(2.i) r "» = y V ; r m fa) , ^ Afrffe) 



m \ .777, 1 m \ m \ .7-". / m 



fc(B,r) ; v. Kv,T) j v. fc(«j,2» y v. Hvj,^) 

Since the first part of the sum converges to 0, to conclude the proof is enough to 
consider the following equation 




if Tj is the identity 



k{vj,Tj) J ( ^i=xy^k=o y k J\ fc(v,T) 



- 1 



a j,k + i ) Vji In other way 
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□ 

The following definition will enable us to detect the projective spaces which 
behave as attracting, repelling or indifferent sets for the dynamic of the group. 

Definition 2.3. Let 7 E SL(n + 1,C) be a projective transformation, k G N; 
V\, . . . , Vfc C C n+1 linear subspaces; 7j : 1^ — > Vi, 1 < i < fc, be C- linear transfor- 
mations and ri, . . . ,rfc el. The set (fc, {Vi}f =1 , {7i}* = D {?*i}i = i) will be called a 
unitary decomposition for 7 if it is verified that: 

(1) ©J=i^ = C" +1 . 

(2) For each 1 < i < k, the eigenvalues of ji are unitary complex numbers. 

(3) < n < r 2 <,...,< r k . 

(4) ©: t rr, 

2.1. The discontinuity set. Recall that a group action is called discontinuous if 
every point x of X has a neighborhood J7 that meets gU for only a finite number 
of elements g of G. With this in mind we define 

Definition 2.4. Let T C PSL(n+l, C) be a group, then we define the discontinuity 
set of T as the complement of the closure of the accumulation points of orbits Tz 
where z G Pg, the later accumulation set is denoted by A(T). 

Clearly the discontinuity set is the largest open set where the group T acts 
discontinuously. Before we state a poof the main result of this section we need to 
state the following definition. 

Definition 2.5. Let T : C™ — > C™ be a C-linear map and Ai, . . . , A„ be its eigen- 
values, then we define the spectral radius p{T) of T as 

p(T) =max{\\j\ : j G {l,...,n}} 

The following lemma will be useful trough the paper, see [3]. 

Lemma 2.6. Let T : C n -4 C™ be a C-lmear map. If p(T) < 1, then T m -^-^ 
point wise. 

Finally we can state 

Theorem 2.7. Let 7 G PSL(n+ 1,C) be an element of infinite order. If 7 G 
GL(n + 1, C) is a lift 0/7 and (k, {Vj}j =l , {7j}j =1 , { r j}j = i) is a unitary decompo- 
sition for 7, then: 

k 

^((7}) = : x is an eigenvector of 7j})) \ {0}]. 

3=1 

Proof. Since Uj=i[({{ 2; G F : x is an eigenvector of 7j})) \ {0}] C A((7)), thence 
it is enough to show that A ((7)) C \J k j= i[(( PV (lj))) \ {°}]- Let v e C n \ {0}, 
then v — J2j=i v j-> where Vj G Vj. Define jo — max{j G {1, . . . , fc} : Vj 7^ 0}. A 
straightforward calculation shows 



(2.2) 



rn 



7 m (w) 



E 



Jo 



fc(1 



m 

'jo i ^3*o ) 



-1 r m^,m 
7 C 7" 
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Now, Lemma 12.21 yields that the set of cluster points of {7 m (i>)}meN lies on 
[{{{x £ V : x is an eigenvector of 7j}))\0]. Trough a similar argument we conclude 
that the set of cluster points of {■y~ m (v)} m£ -^ lies on 



[(({x € V : x is an eigenvector of 7j}}) \ 0]. 
Which concludes the proof. 



□ 



2.2. The equicontinuity set. The equicontinuity set is a remarkable open set 
where discrete projective group acts properly discontinuously, trough this subsec- 
tion we will describe the discontinuity region for the cyclic groups. Lets begin with 
a definition 

Definition 2.8. Let V be a C-vector space and T : V — > V be C-linear trans- 
formation such that each of its eigenvalues is a unitary complex number. Let 
(k, {Vj}j = i, {/3j}j =1 , {_Xj}j—i, {7j}j=i) be a block decomposition for T, then we 
define 

H(T) — max({dimcVj : j £ {1, . . . , k} and jj is not the identity} U {0}) 



S(T) = 



if H(T) < 2 

(Ui Pi \ i w £ Pi ■ dimVj = H{T) = dim{{r J m (w)} mez )}) in other way 



Clearly H (T) and S(T) does not depend on the choice of the block decomposition 
of T. 

Theorem 2.9. Let 7 G PSL(n+ 1, C) 6e a projective transformation with infinite 
order. If 7 G SL(n + i,C) is a Zi/£ 0/7, (fc, {Vj}J, {7j}i, {^}i ) is a unitary 
decomposition for 7, £/ien 



?g \ B«(T) = 



|Jy J us(7i))\{0} 



\i>i 



U 



U^US( 7fe ))\{0} 



\j<fc 



T. 



Proof. Let T G Lim((-f)), the there is a sequence (n m ) C Z such that 7"™ — 
After taking a subsequence, if it is necessary, we can assume that either (n m ) is 
negative or (n m ) is positive. Without loss of generality let us assume that n m > 0. 
Let {r, {Uj}i, {(3j}l, {pj}j =1 , be a block decomposition for 7^., define A\ — 

{j G {1, . . . , r} : dimUj < H(^k)} and A2 = {1, . . . , r} \ A\, then a straightforward 
calculation shows: 



7 = 



i<k r k I H(cfk) 1 I r . %• - r 



# (7fc) - 1 



™?n Tim 1 V~~^ 



I H( lk ) - 1 



Tin 

p ™ K " 



Let (fc m ) be a sequence such that for each j G A2 it holds that pj 1 *™ — 
For each I £ {1, ... ,r}, set /?/ = {mjz} and Si — Ui —¥ Ui be defined by 



(dimUi \ f 



if Z G A 1 

fliadi m u,uii it I e A 2 
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Finally for each j G {1, . . . , k} define Tj = Vj — >■ Vj by 



T 3 = 





Ya=i s i 



if j < k 
if j = k 



Clearly 7* 



[E "Sj]] • Therefore [E S,]] = T. Now the result follows. □ 



2.3. The Kulkarni's Limit set. In this section we describe the Kulkarni's limit 
set of cyclic groups. The following are useful lemmas: 

Lemma 2.10. Let 7 G PSL(n + 1, C) 6e an element and 7 € £L(n + 1, C) be a lift 
of 7 such that 7 is diagonalizable and each of its eigenvalues is an unitary complex 
number. Then A^ui (T) is either empty or the whole space according 7 has either 
finite or infinite order. 



Proof. It follows directly from Theorem 



□ 



Lemma 2.11. Let 7 G PSL(n + 1, C) be an element such that 7 /ias a Zi/t 7 smc/i 
i/iai 7 is a (n + 1) x (n + \)-Jordan block being 1 its unique eigenvalue. Lf I is an 
hyperplane not containing [ei], then 

(1) XTie action 0/7 on f\ n C n+1 has an unique fixed point. 

(2) Lt is verified that ~f m (£) «[ ei ], . . . , [e„]» . 

(3) .ft is verified that A.Kul((l)) = (([ e i] 5 • • • j W))- 



considering the action of 



on A^ 1 



1 , which trivially has a unique 



Proof. Let us show {T]). Let us make the proof by induction on n. For n = 1, we are 

1 1 
1 

fixed point. Now let us proceed, to check the case no + 1. At this step let us assume 
that that there is a hyperplane C 7^ ((ei, . . . , e„)), such that C is invariant under 
the action of 7. Observe that C PI ((ei, . . . , e n )), is a hyperplane of £ invariant 
under 7, by the inductive hypothesis we conclude that ((ei, . . . , e n -i)) C In 
consequence, if p G £\ ((ei, . . . , e„)), the matrix of 7 with respect the ordered base 
{ei, . . . ,e„,p} is: 

/ 1 1 ai \ 

Oil a 2 



1 



1 



1 

\ ... 1 / 

A straightforward calculation shows that (T — Ld) n = 0, which is a contradiction 
since 7 is a (no + 1) x (no + 1)- Jordan block. Which concludes the proof. 

The proofs of ©, © follows easily from □ 

Lemma 2.12. Lei A G GL(k, C) oe a diagonal matrix such that each of its proper 
values is a unitary complex number, let B be a I x l-Jordan block, a G C* and 
7 G GL(k + Z, C) 6e given by 



7 



fl 




#7=[ffl], ^en n Kul ((j)) = Eq(( 7 )). 
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Proof. The proof is by induction on I. For I = 2 we get that 

~ ( B 
7 = 11 

V i o 

which clearly shows the claim. Let us show the claim in the case Iq + 1, clearly 
will be enough to show that given z G (([ei], . . . , [ej„_i])) = C\ it holds that 
((z,ei )) C AkuiHj))- Applying the inductive hypothesis to 7 restricted to £ — 
(([ei], . . . , [e/ ]}}, we conclude that Ak u i{(i\c)) = £i- Thus there is a sequence 
{z\ m ) C C such that the cluster points of (zi m ) lies on P^. +z ° \ A((7)), and 



On the other applying Lemma \2. Ill to 7 restricted to ([efc+i], . . . , [e; +i]) we con- 
clude that there is a sequence (z 2m ) C P c + \ C such that the cluster points of 
(z 2m ) lies on P^ \ A ((7}), and -y m (k 2m ) [e la ]. Clearly the cluster points 

of (£ m = Z(k lm ,k 2m ))) do no intersect A((7)) and j m {£ m ) )) — > z,e lo {{, 

which concludes the proof. □ 

Lemma 2.13. Let 7 G PSL{n + 1, C) be an element such that 7 has a lift 7 such 
that 7 is non-diagonalizable having only unitary eigenvalues also let 

(k, {V 3 }* =1 , {ft }*L X , {Xj }* =1 , {7, }*U ) 

6e a feZocA; decomposition for 7. If for each j G {1, . . . , fc} is verified that jj is a 
Jordan block, then £Ikui((i)) = Eq((j)). 

Proof. For each j G {1, . . . , k} let £j be a hyperplane in Vj not containing eigen- 
vectors of jj. Define 



C 




\{0} 



Clearly £ n A ((7)) = 0. By Lemma |2~TT1 we get 

7 m (£) — (( U S(7J)))\{0} = \a,„K:». 

Which concludes the proof. □ 

Theorem 2.14. Let 7 G PSL(n + 1, C) 6e an element such that 7 /ias a H/t 7 suc/i 
i/iai 7 is non-diagonalizable and 7 /ias onZy unitary eigenvalues, then 

n K ui((j)) =Eq{{ 1 )). 

Proof. Let (k, {Vj}j =1 , {/3j}j =1 , {A 3 -}* =1 , {jj}j=i) be a block decomposition for 7. 
Define Ax = {j G {1, . . . , k} : 7^ is the identity }, Ax = {1, . . . , k} \ A\. In virtue 
of Lemma \'2. 121 we should consider the case Card(A 2 ) > 2. Let jo G ^2, define 



V = 



U 



\{0} 



Vi = 



2(7,0) uu 



\{0} 



W 



U feA 2 \{j } ^ 



U^ 2 \bo} S (7,)))\{0} 



To conclude the proof is enough to show that for every v G Vi \ A (7) = V\ and 
every w G Wi \ A(7) = Wi, the line ((u, w)) is contained in A^-„;((7)). Let v G Vi 
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and w £ Wi , applying Lemma 12.121 to 7 restricted to V we conclude that there is 
a sequence (v m ) C V such that the cluster points of (v m ) lies on V \ A((7)) and 
l m {v m ) m _ng, v - Now, applying Lemma [2.131 to 7 restricted to W we conclude 
that there is a sequence (w m ) C W such that the cluster points of (w m ) lies on 
W \ A((7)) and -f m (w m ) m _^> ) w. Clearly the cluster points of (t m = ((v m , w m )) 

do not lie in A ((7)) = and ^ m {l m ) m ^ c > {(v, w)), which concludes the proof. □ 

Lemma 2.15. Let 7 £ PSL(n+ 1,C) be an element with infinite order, then for 
every z £ P^ there is a sequence (fc m (z))meN C PJ such that 7™ 1 (fc m (z)) — — -> z. 

Proof. Let z e P[5 be any element. Choose k m (z) £ j~ m B m -i(z), trivially 

□ 

Theorem 2.16. Let 7 £ PSL(n + 1, C) 6e an element such that 7 /ias a Zz/f 7 suc/i 
t/iat i/iere is a eigenvalue A 0/7 suc/i £/ia£ |A| 1, t/ien 

fW(7» = £<?«7». 
Proof. Let (fc, {Vi}* =1 , {7i}i=i) { r *}i=i) be a unitary decomposition for 7. Define 



V 



S(7i)uU^))\{0} 



w 



S(7*) U 




fe-i 



fc-i 



\{0} 



;Vi 



Wi 



S(7i)u|J^))\{0} 



J'=2 



fc-1 



2(7 fe )U |J V J ))\{0} 



J'=2- 



5 = 




\W 



Clearly will be enough to show that for every x £ [Vi] and every y £ Vi, the line 
((x,y)) C Ajf«i(r). Let a; £ [14] and y £ Vi. By Lemma [2. 151 there is a sequence 
(x m ) C [Vi] such that "f m {x m ) m ^ e > a;. Now, let z £ 5 be a fixed point of 7. Then 

for every m we can chose a sequence (x m ) C {{z,x m )) such that d n (x m , [Vi]) = 
2~ 1 d„(z, [Vi]). A straightforward calculation shows 7 m (x m ) — — -> a; and the clus- 
ter sets of (x m ) lies on Pg \ A((7)). Similarly Lemma [2 . 1 5 1 and Theorem 12 . 141 yields 
that there is a sequence (y m ) C V such that 7 m (y m ) m ^ c > y and and the cluster 

setsof (y m ) liesonPg\A«7)). To conclude observe that 7™ (((y m , x m ))) m _ >( > 

and and the cluster sets of (((y m ,x m ))) lies on PJi \ A ((7}). Which concludes the 
proof. □ 



3. Maximal Regions 

As in the two dimensional case, see [14], the Kulkarni's discontinuity region is 
not the largest open set where the cyclics groups acts properly discontinuously as 
the following example shows, we omit its proof here, 
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Lemma 3.1. Let 7 G PSL(n + l,C) be an element, if"f has a lift"/ G 5X(?i + l,C). 
If (k, {Vi}f =1 , {7i}f=ii { r i}i=i) is an unitary decomposition of 7 such that k > 3, 
r\ < 1, £/ien: 



Recall that elements in PU(l,n) are classified in to three type, namely: hyper- 
bolic, parabolic and elliptic. Such classification depends on the localization of the 
fixed points in Hg. More precisely, loxodromic elements are those elements with 
exactly two fixed points in cfflg, parabolic elements have exactly one fixed point 
in cfflg and the elliptic ones have one fixed point in Hg, see [TO]. This way to 
classify elements in PU(1, n) makes hard to extent the classification to elements in 
PSL(n + l, C), since not every element in PSL(n + l, C) is conjugate to an element 
in PU(1, n). In view of this problematic, our starting point to deal with this prob- 
lem, will consist in provide an extension of the classification to PU{k, /), which is 
a very "close" group to PU(1, n), in the sense that we can provide a classification 
of elements be means of the fixed points and its relation with the "closed ball" 
induced by the Hermitian form. More precisely 

Definition 4.1. Let 7 6 PU(k, I), then 7 is said to be: 

(1) Elliptic if 7 has at least one fixed point in ELj . 

(2) Loxodromic if the fixed points of 7 restricted to H^'' lies on dM^ 1 and 
there are two points fixed points x, y of 7 in dM k ' 1 such that the action of 
7 restricted to {{x, y}) is given by a loxodromic element. 

(3) Parabolic if the fixed points of 7 restricted to H c ' , lies on dM^ 1 and for 
every pair of fixed points x, y of 7 in dM k:l the action of 7 restricted to 
((x,y)) is given by an elliptic element. 

Clearly our definition is equivalent with the standard classification when k = 1 , 
I = n. Now let us show that the previous definition exhaust all the possibilities 

Lemma 4.2. Let 7 G U(k,l) be a diagonalizable element such that each one of its 
eigenvalues is an unitary complex number, then 7 has a eigenvector in N*i' 1 . 

Proof. By induction on k + I. For k + I = 2 we get that the groups arc either 
17(1,1) or U(2) which are known to satisfy the conclusion of the lemma. Now let 
us show the case k + I = n + 1 , On the contrary let us assume that the eigenvalues 
of 7 lies on C' i+1 \7V + . Let v a eigenvalue then {v} is an invariant hyperspace 
not containing v, in consequence the hermitian form -<,)^kl restricted to {v} 1 - 
has signature (k,l — 1), applying the inductive hypothesis to 7 restricted to {v}- 1 
endowed with the hermitian form induced by -<, >~k,l, we conclude that there is a 
eigenvalue of 7 in N* +l , which is a contradiction, which concludes the proof. □ 




are maximal discontinuity regions. 



4. The elements in PU(k,l) 
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Corollary 4.3. Let 7 G PU(k, I) be an element, then 7 has a fixed point in H c ' . 

Proof. Let 7 G PU(k,l) if (7) is not a discrete group then Lemma [4.21 yields the 
result. In other case, let z G EL^' , then by Theorem 12.71 there is a sequence 
(n m ) C Z of distinct elements such that r y Tlm (z) converges to a fixed point p of 7, 

since M.^ 1 is invariant we conclude that p G H^'', which concludes the proof. □ 

Proposition 4.4. Each element in PU (fc, I) different from the identity belongs 
exactly to one of classes of our classification. 

Proof. Let 7 G PU(k,l) different from the identity then by Corollary 14.31 it yields 
that the set of fixed points of 7 restricted to H c ' is non-empty. If at least one 
point is in H^'' then 7 is elliptic otherwise since each element in PSL(2,C) with 
two fixed points is either elliptic or loxodromic, we conclude that any element in 
PU(k, I) different from the identity without fixed points in M. k ' 1 is either parabolic 
or loxodromic. □ 

Lemma 4.5. Let w,w G V ' be linearly independent elements, then the quadratic 
form restricted to ((v,w)) is either identically or has signature (I, I). 

Proof. By the theory of quadratic forms we know that -<(, >k.i restricted to {{v, w}} 
is either or is equivalent to one of the following quadratic forms: 

\ Zl \ 2 ; |zi| 2 + |z 2 | 2 ; -N 2 ; H^il 2 - M 2 ; M 2 - M 2 ; 

Since there are two null points, we conclude that -<,)~k,l restricted to ((v,w)) is 
either or has signature (1,1). □ 

Corollary 4.6. Let 7 G U(k, I) be a diagonalizable element such that each one of its 
eigenvalues is an unitary complex number, thenj has an eigenvector in N_' UN,' . 

Proof. On the contrary, let us assume that each eigenvector of 7 lies on Nq' . Let 
fi = {vi, . . . , Vk+i} be a basis of eigenvectors. Let v, w G (3 be distinct points, then 
-<!, ^k,i restricted to ((v, w)) cannot has signature (1, 1) (otherwise we get that [[7]] 
restricted to [{{v, w)) \ {0}] is a parabolic PU(l, 1) with two fixed points in <9H C ' , 
then [[7]] restricted to [((v, w)) \ {0}] is the identity. That is 7 has an eigenvector in 
Hg' which is a contradiction). By lemma l4~5l it yields that -< v, w >-fe,;= 0. That 
is -<, is identically 0, which is a contradiction. □ 

Lemma 4.7. Let"/ G PU(k,l) be an element with a diagonalizable liftj G SL(n + 
1,C) such that each one of the eigenvalues ofj is an unitary complex number. If 
7 is then there is a set V- C Fix("f) with k elements lying in H^' ' and a set V+ f 
I fixed points lying in F^ 1 ' 1 \ M^ 1 such that ((V+ U V-)) = P^ +l ■ 

Proof. By induction on k + I. For k + I — 2 we get that the groups are either 
U(l, 1) or U (2) which are known to satisfy the conclusion of the lemma. Now let us 
show the case k + I = n + 1. By Corollary 14. 61 there is a proper value V of 7 such 
that -< v,v >~k.i^ 0. Then {v} 1 - is an invariant hyperspace not containing v, in 
consequence the hermitian form -<, >~k.i restricted to {v}- 1 has signature (fc — 1,/) 
or {k,l — 1), depending whether -< v,v >~k,l< or -< v,v >~k,l> 0. Applying 
the inductive hypothesis to 7 restricted to {v}- 1 endowed with the hermitian form 
induced by >k.i the result follows. □ 
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Proposition 4.8. Let 7 6 PU(k,l) be an element, then the following facts are 
equivalent: 

(1) The element 7 is elliptic. 

(2) For each lift 7 G SL(k + Z,C) 0/7, if yields that 7 is diagonalizable and 
each one of its eigenvalues is an unitary complex number. 

Proof. Clearly Lemma 14.71 yields that ([2]) implies Q] So lets show that ^ implies 
([2]) Let 7 € PU(k,l) be an elliptic element, since 7 has a fixed point in H^'' then 
Theorem 11.41 yields that (7) is either non-discrete or finite. Now Jordan's normal 
form theorem yield that any lift 7 G SL(n + 1, C) is diagonalizable and each one of 
its eigenvalues is an unitary complex number. Which conclude the proof. □ 

Proposition 4.9. Let 7 G PU(k, I) be an element, then the following facts are 
equivalent: 

(1) The element 7 is loxodromic. 

(2) For each lift 7 G SL{k + l,C) 0/7, it yields that at least one eigenvalue of 
7 is a non-unitary complex number. 

Proof. Lets show that ((TJ implies @. On the contrary, let us assume that there 
is 7 G PU(k,l) a loxodromic element and a lift 7 of 7 such that each one of its 
eigenvalues is an unitary complex number. Thus for every pair of fixed points x, y of 
7 it follows that ((x, y)) is a 7 invariant line, where the action is either the identity 
or an elliptic element. Which is a contradiction, since 7 is loxodromic. 

Lets show that fl2|) implies ©. Let 7 G PU{k,l) and a lift 7 G SL(k + l,C) 
with at least one non-unitary eigenvalue. Let (n, {Vjf}f=i> {7j}f=D { r j}j=i) be a 
decomposition for 7 and v G N_' , then n < 2 and v = Ej=i v j wnere v j £ Vji 
then: 

7" l (M) = [Ej=i S?7^] ; 
7- m (M) = [e? =1 $2r«j] ; 

Now by lemma 12.61 and Corollary 12.21 we conclude that there are sequences 
(Tm)) (Ci) C N, i; + G V~, V- G Vi eigenvectors of 7 such that J ±lm {[v]) [v±]. 

By Proposition 14.81 it yields that [v±] G 9H C ' are fixed points and the action of 7 
in is given by a loxodromic element. Which conclude the proof. □ 

As corollary of the previous results we get: 

Proposition 4.10. Let 7 G PU(k,l) be an element, then the following facts are 
equivalent: 

(1) The element 7 is parabolic. 

(2) For each lift 7 G SL{k + 1, C) 0/7, it holds that"/ is non- diagonalizable and 
each one of its eigenvalue is an unitary complex number. 

5. Elliptic Transformations in PSL(n + 1,C) 

Recall that up to conjugation, an elliptic element g G PU(2, 1) can be represented 
by a matrix of the form 

A 
A 
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where A E U(2) and A E S 1 . Actually U(3) = SU(3) x S 1 acts on C 3 preserving the 
usual Hermitian product. So its action on C 2 has a fixed point at and preserves 
the foliation given by all 3-spheres centered at 0. As we will see this property will 
characterize the elliptic transformations. 

Definition 5.1. The (2n — l)-sphcres in Pg are defined as the images of the set 

n 

T = { [ Zl : ... : z n+1 ] eP?:^ \ Zj \ 2 = \z n+1 \ 2 



j'=i 



under an element in PSL(n + 1, C). 



Notice that if in the above discussion we take the origin of C™ as being the point 
e n +i and the hyperplane at infinity as being C = ([ei], . . . , [e n ]), then the 

above family of spheres actually provides a foliation of Pg \ (£ U {e n+ i}), where 
each leave is given by: 



T(r) = { [z x : . . . : z n+1 ] eP?:^ \z 3 \ 2 = r\z n+1 \ 2 \ , r > 



Clearly each automorphism h £ PSL(n + 1,C) carries the above foliation into 
another family of (2n — l)-sphcres given by h(T{r)), r > 0, which is a foliation of 
Pg\(/i(£u{e n+1 }). 

Definition 5.2. A transformation 7 G PSL(rt + 1, C) is called elliptic if it preserves 
each one of the leaves of a foliation as above. In other words, 7 E PSL(n + 1, C) is 
elliptic if and only if there exists h e PSL(n + 1, C) such that h- 1 jh(T(r)) = T(r) 
for every r > 0. 

Proposition 5.3. The element 7 6 PSL(n + 1, C) is elliptic if and only if it is 
conjugate to an elliptic element of PU(n, 1). 

Proof. Assume 7 € PSL(n + 1, C) is elliptic, then there is h E PSL(n + 1, C) such 
that /i _1 7/i preserves every 2n— 1-sphere T(r), r > 0. It follows that / := hr x ^h E 
PU(n, 1) and [e„ + i] is a fixed point of /. Therefore / is elliptic in PU(n, 1). 

Now let 7 E PU(n, 1) be an elliptic element, then its a well known fact see [IU] 
that, up to conjugation by a projective transformation, 7 has a lift 7 E SL(3,C), 
which is a diagonal matrix where each of its eigenvalues is an unitary complex 
number. So we can assume that 



7 = 



where |ai| = ... = |a n +i| = 1- Set C = (([ei], . . . , [e„]}}, thus the action on 
P£ \ C = C n is given by (z lt ...,z n ) >->• (ona^Zt, . . . , anO^^n), which clearly 
preserves each of the concentric (2n — l)-spheres centered at 0. Which concludes 
the proof. □ 

The next corollary follows easily from the proposition above and the fact that 
every element in U(n) is diagonalizable and its eigenvalues are unitary complex 
numbers. 
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Corollary 5.4. An element 7 6 PSL(rt + 1, C) is elliptic if and only if 7 has a lift 
7 G SL(n + 1,C) smc/i i/iai 7 is diagonalizable and every eigenvalue is an unitary 
complex number. 

By definition an elliptic element in PSL(n + 1, C) preserves a foliation by "con- 
centric" spheres. The proposition bellow says that such a transformation actually 
preserves n + 1 foliations by "concentric" (2n-l)-spheres. 

Proposition 5.5. If 7 € PSL(n + 1,C) is an elliptic transformation, then there 
are n + 1 families of "/-invariant (2n — \)-spheres. 

Proof. Let 7 be an elliptic transformation, then there exists h G PSL(n+ 1, C) such 
that g = hjgh -1 has a lift in SL(n + 1, C) which is diagonal matrix with unitary 
eigenvalues. Clearly for each j G {1, . . . , n + 1} the the following is an invariant 
families of (2n — l)-spheres 

Tj(r) j : : . z n+1 ] G f£ : £ |z 4 | 2 = r|z,| 2 j , r > 0; 

□ 

6. Parabolic Transformations in PSL(n + l,C) 

From the one and two dimensional setting we know that parabolic elements in the 
projective group correspond to those elements 7 which are conjugate to an element 
which preserve a complex ball B an has an unique a fixed point p on dB. Next 
we will see that this geometric point of view provide us a way to define parabolic 
elements in PSL(n + 1,C). We shall need the following definition: 

Definition 6.1. Given k, I G N we define the (k, Z)-spheres in P^ as the images of 
the set [Nq' 1 ] under an element in PSL(n + 1, C). 

With this in mind let us define 

Definition 6.2. The transformation 7 G PSL(n + 1,C) is called parabolic if there 
are k,l £ N satisfying fc + i = n + 1, a family T of 7-invariant (k, Z)-spheres and 
7-invariant projective subspaces Z, W C such that: 

(1) For every pair of different elements T\, T2 G T it follows that 

Z C Ti n T 2 C W. 

(2) It yields that U Te ^ T \ W = Pg \ W. 

(3) If I C P^ is a 7-invariant line satisfying that the restriction of < : ^k,i to 

U {0} has signature (1, 1), then there is a point z G t such that 

72; 7^ z.. 

(4) The action o 7 restricted to Z is a given by an elliptic element. 

Lemma 6.3. Let 7 G PSL(n+lC) be a parabolic element, then"/ cannot be elliptic. 

Proof. On the contrary let us assume that there is an element 7 G PSL(n + 1, C) 
be an element which is simultaneously parabolic and elliptic. Let k, I G N, T a 
family of 7-invariant (k, Z)-spheres and Z a projective subspace of P^ satisfying 
the items in Definition (|6.2j) . Since Z is 7-invariant and Z C cffl c ' , it yields 
that there is z G Z such that 72; = x. On the other hand, since 7 is elliptic, 
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Proposition (|4.8|) and Lemma (|4. 2[) yield that 7 there is a set V C H^'' with k 
elements and a set W C P^ \ H^' ' with Z elements, such that each point in V U W 
is fixed by 7 and ((V U W)) = Pg. Then there is u G 7 and w <E W such that 
z 6 £ = ((v,w)). Therefore I is 7-invariant and 7 restricted to i is the identity, 
which is a contradiction. □ 

Proposition 6.4. If the element 7 G PSL(n + 1,C) is parabolic, then there are 
k, I G N swc/i £/ia£ fc + Z = n + 1 and 7 is conjugate to a parabolic element in 
PU(fe,0- 

Proof. Let fc, Z G N, J- a family of 7-invariant (fc, Z)-spheres and -Z a projective 
subspace of P^ satisfying the items in Definition (16.21) . Then after conjugating with 
a projective transformation, if it is necessary, we get that 7 G PU(fc,Z). Therefore 
Lemma 16.31 yield that 7 is either loxodromic or parabolic. Let us assume that 7 is 
loxodromic, then there is a projective subspace W C 9H C ' 1 such that W is invariant 
by 7, -E fl W = and for each point p G H c ' the accumulation set of {"i m p\ lies 
on W. On the other hand, given pel, there is a leave of T e J 7 such that p G T, 
since T is invariant, Theorem (II. 4p yields that the accumulation set of {7™p} lies 
on Z, which is a contradiction. Therefore 7 is parabolic. □ 

Lemma 6.5. Let A G M(n, C) fre an invertible matrix, let us define 

A 
A 1 



C 



i/ien (2;, y) G C™ x C™ is an eigenvector of G\ with eigenvalue A i/ an only if x is 
and eigenvector of AA l with eigenvalue A 2 and y = A Ax. 

The following lemmas will be useful 

Lemma 6.6 (Weyl, see [3]). Let A, B G M(n, C) be hermitian matrices with eigen- 
values eti, ■ ■ ■ , ct n and a\, . . . ,a n respectively. Then 

maxj\aj — /3j\ <\\ A — B \\ . 

Where \\ \\ denotes the operator bound norm. 

Let us define some notation 

Definition 6.7. Given n > 2 and i, j G {1, . . . n}, let us define <C i,j ~S>^ '■ C" — > 
R by 

< i,j > (±) (zi, ...,z n ) = ZiZj±ZiZj. 

Lemma 6.8. If n = 2k + 1 and Q = {Q r }r£R is the family of hermitian quadratic 
forms given by: 

r «n,n» (+) + ^(-1)'+* « l+j,n-j » ( + » + J2 J2 f^(-l) m - i+k ( ? ) < 2+j-i, n-j+m »< 

4EEVir m f "V 1 ) «fe+l-J,fe+l + m» < + ) +i«fe + l,fc+l» <+) . 
2 m=l 3=0 ^ / 2 



T/ien 

(1) It is verified that e\ G HqieS*? (0)- 

(2) For each pair of distinct elements r,s£l it holds that 

Q I T 1 (0)nQ; 1 (0)c£=((ei,...,e n _ 1 }}. 
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(3) It yields that U reR Q7 l (0) \£ = C n \£. 

(4) Each quadric in Q has signature (fc, k + 1). 

(5) If A is the n x n-Jordan block then A(Q^ 1 (0)) = Q~ 1 (0) for each rgl. 

Proof. The proofs of @ and are straightforward calculations so we will 
omit it here. 

Let us show A simply inspection reveals that the matrix of coefficients C r 
of Q r has the form: 



) 



r J 

Now let us consider the following hermitian matrix 

/ A\ 
C ,o = 10, 
\ A* / 

then lemma l6"l)l vields that Co,o signature (k, fc+1). Consider the family of hermitian 
matrices {C r ^ v : (r,v) € K x C fc } given by 

/ 1 \ 

C r ,„ = 1 v 

\ A* v l B r j 

A straightforward calculation shows that det(C r ^ v ) ^ 0, thus Lemma 16. 61 yields 
that the sets 

Ui,m = {( r , v ) £ i x C k : C r<v has signature (l,m)} 

form an open cover of disjoint sets for RxC'. Since R x C fc is connected we con- 
clude that Uk.k+i = K x C fc , which concludes the proof. 

Let us show ([5]). Clearly it is enough to show that H = (— 1) Qo is invariant 
under A. The proof is by induction on k. If k = 1, then 

AH = ((«! + Z 2 )Z3 + 23 («1 + Z 2 )) - \zi + Z 3 \ 2 + |((Z2 + 2:3)^3 + Z 3 (z 2 + Z 3 )) 

= {Z\Zz + Z3Z1) + (z 2 Z 3 - Z3Z2) - \z 2 \ 2 — \z;i\ 2 — (z 2 Z 3 + Z 3 Z 2 ) + \{z 2 Z 3 + Z 3 Z 2 ) + \z 3 \ 2 
= H 

Let us prove the case fco = k. Trivially, we can write down H = H\ + H2 where: 

fc — 1 fc-2 j~l m / \ 

H ^ = E(~ 1 )' « !+J>-i » (+) +EE E^ 1 )"^ ( T ) « 2+i-i,n-j+m » (+) 

j = l j = l m=0 i=0 ^ ' 

fc-1 m-1 / 1 \ 1 

^EEH) 2t " m j ) «fc + l-j,fc + l + m» (+) +i«fc + l,fc+l» (+) . 

m=l j=0 ^ ' 









.4 





1 


6 


A* 


6' 


13 , 



where A G SL{k, C), 6 € C fc and 



/ 





V 



20 



ANGEL CANO AND LUIS LOEZA 



H 2 =«!,„»< + > +J2T,( J ~l 2 ) «; + 2,n»<+» C ) «2+j,n>< 



3=2 1=0 x ' 

By applying the inductive to H\ we get 



AH 1 =H 1 -«2.n^ + > -EEf 1 «' + 3,«» < + ) -5 f 'V 

5=2 1=0 ^ ' 2 3=0 ^ 

a simple calculation shows that: 

AH 2 = H 2 + « 2,n ^ + > +J2 i £( ) «' + 3,n» (+) +i£f * 7 1 ) «3+J,™» ( + ) 

3 = 2 1 = V J 2 3=0 V ' 

To conclude is enough to observe that AH = AH\ + AH2 = Hi + H% . □ 

Trough similar arguments one can show 

Lemma 6.9. If n = 2k and Q — {Q r }rem is the family of hermitian quadratic 
forms given by: 



r <C n, ti 



» ( + ) « 1+3, n-j » ( "' t-Xit ( r ) « 2+j-l,n-j+m . 

j=o 3=0 m=0 1=0 ^ ' 



(1) It is verified that e\ £ C\q^qQ 1 (0)- 

(2) For each pair of distinct elements r, s G M it holds that 

Q I T 1 (0)nQ; 1 (0)c£=((e 1 ,...,e„_ 1 )). 

(3) It yields that U reR QrH®) \ C = C n \ C. 

(4) Each quadric in Q has signature (fc, fc). 

(5) If A is the n x n- Jordan block then A(Q) = Q for each Q S Q. 

Proposition 6.10. Let 7 G PSL(n + 1, C) such that it has a lift 7 in SL(n + 1, C) 
smc/i i/ia£ 7 is non-diagonalizable and each of its eigenvalues is an unitary complex 
number, then 7 is parabolic. 

Proof. Let (fc, {Vj}j =1 , {jj}j = i) be a Jordan decomposition for 7. For each j let 
Qj t r be the hermitian quadratic form in Vj given by 



J The standard quadric with signature (0, fc) if 7, is a diagonal matrix 
The r hermitian quadratic induced by Lemmas 16.81 or 16.91 in other case 



Let (fcj, li) be the signature of the quadric Qj,o- Then T r = ©, =1 Hj r is a family 

of 7-invariant hermitian quadratics each of one has signature (X)j=i kj>T2j=i h)- 
For each j define 



Hi 



The unique fixed point of 7^ , if jj is non-diagonalizable 
in other case 



The unique fixed hyperplane of 7,-, if jj is non-diagonalizable 
Vj in other case 

{U k j=i H j )),K=((U k j= 
tion 16.21 which concludes the proof. 



Define H = {{{J k j=l Hj)), K = (flj) =i Hj)). Clearly T r , H, K and 7 satisfy defini- 

□ 
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Finally recall that in the one and two dimensional case is not hard to see that 
parabolic elements are simply those coming from PU(l,n), where k = 1,2, but 
as the following example shows, in higher dimensions there are parabolic elements 
which arc not conjugated to elements in PU(1, n). 

Example 6.11. Let n > 4 and 7 be the projective transformation in PSL(n + l, C) 
induced by the matrix 



( 1 





V 



In— a 



\ 



J 



where / n _4 is the identity matrix if n > 4 and nothing in other case, then 7 is a 
parabolic element which cannot be conjugated to an clement in PU(l,n). 

Proof. A straightforward calculation shows that 
1 ±m 



7 



±m 



1 



1 



In- 



in consequence P 7 ^\Eq({ , y)) is not an hyperplane, which is not possible for elements 
in PU(l,n), see [B,. Therefore, 7 is not conjugate to an element in PU(l,n). □ 

7. Loxodromic Transformations in PSL(n + 1,C) 

Recall that a loxodromic element 7 in PSL(2,C) by definition has two fixed 
points in p, q G Pj.. One of these points is repelling, the other attracting. Due to 
this fact one can always choose a small enough ball W with center at the attracting 
point such that 7(W) C W. We will see bellow that this property characterizes the 
loxodromic elements. 

Definition 7.1. Given 7 G PSL(rt + 1, C) we will say that it is loxodromic if there 
is a proper open set W in IPg such that ^(W) G W. 

The following technical lemmas will help in the algebraic characterization of the 
loxodromic elements. 

Lemma 7.2. Let 7 G PSL(n + 1,C) be a loxodromic element, then £1(7) is a 
non-empty disconnected set. 

Proof. Let W be a proper open set as in Definition 1 7. II Define 

n= U7"(w 7 \ 7 (W)). 

Then Q is a non-empty set where (7) acts properly discontinuously. In consequence 

Lo((7»ULi«7» C WUPl\W. 
To conclude observe that L x (7) n W ^ and L x (7) n P£ \ W ^ 0. □ 

Lemma 7.3. Let T G SL(n + 1, C) and a%, . . . , a n +i be the eigenvalues of T . If 
p G C" +1 is a eigenvector for ot\, \ol\\ \olu\ for k > 2 and \a*i\ = max{|aj| : j G 
{1, . . . , n + 1}, then [p] is an attracting fixed point for the action of [[T]] in P^ 
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Proof. By the Normal Jordan normal form theorem, there is v £ C n+1 and W 
a linear subspace such that C™ +1 = (v) © W, W is T-invariant, u is eigenvector 
with eigenvalue ct\ and p(T \w) < \a±\. Consider the affine chart w £ W 
[u + u>], in this chart [u] correspond to the origin and [[T]] is simply T \w 
Since -D(aJ~ T |iy)(0) = ct^ T \\y and p(a^ T \w) < 1, we conclude that [v] is an 
attracting fixed point. □ 



Lemma 7.4. Let U C Gr(k, n) be an open set (resp. a closed set), then \Ji e u £ 
an open set in PJi (resp. closed). 



I.s 



Proof. Let us proof the case when U is an open set. Clearly, is enough to assume 
that U is an open ball in Gr(k,n). Let us assume that U = B^k d (r,£), where 

/\ k d is the Fubbiny-Study metric on Gr(k,n). Let vi,...,Vk+i € C™ \ {0} be 
points in general position such that [(vi, . . . ,«/b+i) \ {0}] = £, for each set W — 
{wi , . . . , u>k } C C™ of points in general position, consider the following function 
Vur:Pg\[<W)\{0}]-^R+ > given by 

A' 

Vw(N) = f\d([wi A • • • A w fc A z], [i>i A • • ■ A Ufc+i]) 

Clearly V^y is a well defined continuous function. To conclude is enough to observe 
that U teC r*= IM* e Pc \ \ {0}] : Vw{z) <r}. 

Let us proof the case when U is a closed set. Let (x m ) C IJ^eu ^ be a sequence 
converging to X. For each m we can choose an element £ m £ U such that x m £ 
£ m . Since Gr(fc,n) is compact we can assume that there is 4 6 P such that 
£ m m ^ ( > J to, in the topology of Gr(k, n). In consequence £ m m _ ¥ ^ > £o as closed 
sets in the Hausdorff topology of G(PJi). Therefore i e <o> which concludes the 
proof. □ 



Lemma 7.5. Let T £ ,SL(n + 1,C) and 1 < fc < n + 1. J/ ai, . . . , a n +i are 
the eigenvalues of T , then the eigenvalues of /\ k T has the form aj 1 ■ ■ ■ ctj k where 
ill • ■ • > jk S {1, . . . , n+ 1} and ji < jk, whenever fc < I. 



Lemma 7.6. Given C £ Gr{k,n), there is an open set U C Gr(k,n) such that 
C e U and{J eeU £^Pl. 

Proof. Let W C P^ \ C a non empty open set such that W (~l £ = 0. Define 

W = {J? e Gr(k, n):lnf^l}, 

clearly VF = Gr(n, fc) \ is an open set containing C also satisfying W C Pg \ 
\J l£ yy£. Which concludes the proof. □ 

Proposition 7.7. An element 7 G PSL(n+ 1, C) is loxodromic if and only if it has 
a lift 7 £ SL(n + 1,C) with a non-unitary eigenvalue. 

Proof. On the contrary let us assume there is 7 £ SL(n + 1, C) a lift of 7 whose 
eigenvalues are unitary complex numbers. Then Lemma 12.71 yields that £1(7) is 
connected, which contradicts Lemma 17.21 
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Conversely, let 7 £ SL(n + 1, C) be a linear transformation with one non-unitary 
eigenvalue, then by the Normal Jordan form we can assume that 7 can be written 
as 

/ nAi \ 

7"2^2 

7 = 

V r k A k J 

where r k < r k -i < ■ . ■ < r\ and each matrix A k has only unitary eigenvalues. Now 
let n = dimAi and a\, . . . ,a% be the eigenvalues of A%. By Lemma 17.51 it follows 
that p = e\ A • • • Aes is an eigenvalue of T — f\ 7 with eigenvalue a = r"ai ■ ■ ■ a%, a 
is a simple root of Det(T — XI) = and = max{|/3| : j3 eigenvalue of /\ k 7}. By 
Lemma [7751 it yields that [p] is an attracting fixed point of [[T]] acting on P(/\ k C"). 



Due to the Pliicker embedding and Lemma [7761 we conclude that there is an open set 
U C Gr(n-l,n) such that [[7]] (XT) C {/, [(ei, . . . , e s ) \ {0}] G £/ and \Jeeu £ ^ P c- 
To conclude observe that Lemma T7.4I yields that W = [j eeU ^ is a proper open set 
which satisfy [[7]] (£7) C U. Which concludes the proof. □ 

Remark 7.8. 

(1) Clearly the previous discussion shows our previous results. 

(2) In the case of projective parabolic transformation, our previous discussion 
shows that for elements in PU(k,l), k > 2, the Kulkarni's discontinuity 
set is not longer the largest open set where the corresponding group acts 
properly discontinuously. 

(3) In the one, the two dimensional setting and in the case of transformations in 
PU (1,3), see [TTJ [151 Hi] ; transformations can be classified by the use of the 
trace, we do not know how to extent such result to the higher dimensional 
case. 

(4) There is also another classification of the projective transformations of 
PSL(3, C) in terms of the fixed set given in [19], which is closely related to 
our classification but properly talking does not agree with the one exposed 
here. 

(5) Let X be the space, of all positive definite, symmetric 3 x 3-matrices with 
real coefficients, of determinant 1, there is a metric d such that X is a 
CAT(0)-space and the action of SL(3, R) on X given by fxf 1 , where i£l 
and / G SX(3, R), is by isometries. Then by using the classification of 
isometries in CAT (O)-spaces one can classify elements of SL(3,M) in to 
parabolic, loxodromic and elliptic however is not hard to show, see [8], that 
such classification does no agree with the one induced by definition 10.11 

(6) From the the theory of CAT(0)-spaces one know that isometries can be clas- 
sified in to three types namely elliptic, parabolic or hyperbolic. In virtue of 
the similarity of our results with the ones coming from CMT(0)-spaces, is 
natural to ask if it is possible to use this theory to deal with the classifica- 
tion of projective transformations. We got two naive partial answers: first 
since is compact one cannot use directly the theory of CAT (O)-spaces 
to deal with the problem of classification of projective transformations, sec- 
ond, a result in [8] asserts that the fixed set of parabolic elements should 
be contractible in the Tits boundary of X, in consequence for n > 1, the 
projective space cannot be the tits boundary of a proper CAT(0)-space 
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where the projective transformations are extensions of isometries of X. Un- 
fortunately the authors do not know if it is possible to use the classification 
of elements of CAT(0)-spaces, in other way, to deal with the problem of 
classifying projective transformations. 
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